Abstract. In the mechanical applications, research for degenerate bifurcations is usually connected with the normal form theory of nonlinear dynamical systems. In this paper, we mainly concern with the unique normal form for a class of three dimensional vector fields by the method of transformation with parameters. With the aid of the Maple software, a recursive formula for computing the coefficients of the normal form is given. Our results can be easily applied to investigate the direct bifurcation and stability of any model which can be written in this.
Introduction
In the engineering applications of nonlinear dynamics, research for degenerate a bifurcation is usually connected with the normal forms theory in higher dimensional nonlinear systems. This will be accomplished by 1) obtaining the averaged equations of the given practical nonlinear system by the method of multiple scales or the averaging method; 2) simplifying the averaged equations by normal form theory. Furthermore, we need to investigate the universal unfolding of the system through the relation between unfolding parameters and those of the original system. Therefore, we need to compute the normal forms of the averaged equations and find the formulas of the explicit relationship between the coefficients of the normal form and those of the original system.
As an important analytical tool for investigating the qualitative theory and bifurcation theory of nonlinear dynamical systems, the theory of normal form, especially the unique (simplest) normal form has been studied in many ways. Up to now, the researchers have obtained great achievements in the normal form theory and its applications. Wang [1] developed a method to compute the coefficients of normal form of the vector field, and the simplest normal form was obtained by the method of transformation with parameters. Li et al. [2] followed the idea of [1] and improved the method to compute the coefficients of the simplest Bogdanov-Takens normal form up to 12-th order. Zhang et al. [3] improved the adjoint operator method to obtain the normal form of high dimensional nonlinear dynamical systems including the coefficients and the associated nonlinear transformation. An efficient method was developed for computing the simplest normal form of vector fields with perturbation parameters in Yu et al. [4, 5, 6] . Chen et al. [7, 8] proposed a new algorithm to compute the normal form by the Carleman linearization procedure.
Based on the Lie transforms, Gamero et al. [9, 10] proposed a recursive procedure to compute the normal form and the associated coefficients of a dynamical system in 3 R , and the results were applied in the analysis of bifurcation behaviors in the autonomous electronic oscillator. In this paper, we are concerned with the unique normal form of the nonlinear dynamical systems in 
Preliminaries
Consider the ordinary differential equation
(2) or the associated vector field
, A is an n n × complex (or real) constant matrix, and
. In the following, k H stands for the linear space of all homogeneous polynomials of order k in n variables, 
is Lie bracket operation defined as
, and the multiple Lie bracket is defined as
We may assume that 1 V in Eq. 3 is already in some simple or satisfactory form, and we can rewrite Eq. 3 as
and define
Theorem 1. Suppose that under a series of transformations
vector field (3) becomes
Then the terms in (5) can be obtained by the following recursive formula,
For any 
then the projection of
2) Solve the equation 
Computation of the Unique Normal Form and the Coefficients
In this section, we are concerned with the unique normal form computation of the three-dimensional nonlinear dynamical system (1), which can be rewrite in a nilpotent vector field: 
The normal form of the three-dimensional nilpotent vector field (6) has the following structure:
and with the aid of the Maple program, we can obtain the general expressions for more coefficients of the normal form, here we only present the first five orders: 
where j Φ , j Ψ , j Θ are functions with the parameters
omit the concrete expressions of them as they contain too many terms. From the coefficient formulas, we can achieve some coefficients in the normal form to zero by selecting
adequately. Some cases will be discussed in the following theorem. Theorem 2.
, the unique normal form of the three-dimensional nilpotent vector fields (6) up to fifth order is: , the unique normal form of the three-dimensional nilpotent vector fields (6) up to fifth order is: , where 4 α′ , 5 α′ are uniquely determined by the coefficients
On the 0 = z coordinate plane, our results agree with that presented in [2] .
Applications
As an example, consider the motion of parametrically excited viscoelastic moving belt proposed in [11] . The dimensionless governing equations of the nonlinear motion are
Using the method of multiple scales, we obtain the averaged equations in the two degrees of freedom form restricted on the 0 4 = x coordinate plane which can be reduced as follows: 
Conclusions
Based on the method of transformation with parameters, we mainly analyzed the unique normal form for a class of three dimensional vector fields. With the aid of the Maple software, a recursive formula for computing the coefficients of the normal forms under a near identity transformation is given. The developed recursive formula can be applied to calculate high order normal form of multi-dimensional dynamical systems. As the explicit relationship between the coefficients of the normal forms and those of the original system was given, our results can be easily applied to investigate the direct bifurcation and stability of any model which can be written in this.
